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ABSTRACT

We present a deterministic polynomial time algorithm for testing finite-
ness of a semigroup S generated by matrices with entries from function
fields of constant transcendence degree over finite fields. A special case of
the problem was shown to be algorithmically soluble in [RTB] by giving
a sharp exponential upper bound on the dimension of the matrix algebra
generated by S over the field of constants. One of the exponential time
algorithms proposed in [RTB] was expected to be improvable. The poly-
nomial time method presented in this note combines the ideas of that
algorithm with a procedure from [IRSz] for calculating the radical.

We assume that the reader is familiar with the elementary notions and facts
from the theory of associative algebras.

The following simple observation from [RTB]| reduces our task to deciding
finiteness of certain matrix rings.

OBSERVATION: Let F be a finite field, K be an arbitrary extension field of F,
and S be a multiplicative subsemigroup of M,,(K) generated by the finite set
{a1,...,as} of n by n matrices. Then S is finite if and only if the F-subalgebra
A of M, (K) generated by ay,...,a, is finite.

It is pointed out in [RTB], Theorem 3.16 that dimz A can be exponential in n.
The next statement enables us to avoid computing a basis of the whole algebra.
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LEMMA: Let A be a finitely generated algebra over an arbitrary field F' and
assume that I is a nilpotent ideal of A such that A/I is finite dimensional. Then
A Is finite dimensional as well.

Proof: Assume that ay,...,as generate A as an F-algebra. Choose elements
bi,...,b, from A such that b; + I,...,b. + I form a basis of A/I. Write q; =
Z;;:l aby + ¢ and bibj = 2221 ,Bijkbk + dij with Cllk,ﬁijk € F and cl,d,-j €l
We claim that the elements ¢; (I = 1,...,s) and d;; (i,j = 1,...,7) generate
I as an ideal of A. Indeed, let J be the ideal generated by these elements.
Obviously J < I. On the other hand, by + J,...,b. + J span a subalgebra of
A/J complementary to I/.J. Also, it contains all the generators a; + J for A/J.
Hence I/J = (0), which means that I = J. From the claim we infer that I/I? is
a finitely generated A/I-module and hence it is finite dimensional over F'. Thus
A/I? is finite dimensional as well and the proof can be completed by induction
on the nilpotency class of I. |

The next result can be considered as a generalization of [RTB], Theorem 3.2.
It turns out that modulo the radical of K A, the dimension of A is small.

THEOREM: Let F be an arbitrary field. Assume that K is an extension field of
F such that for every finite extension E of F the algebra K @p E is a field (e.g.,
K is purely transcendental over F'). Let A be a finitely generated F-subalgebra
of the finite dimensional K-algebra B. Let J stand for the Jacobson radical of
KA and let ¢ stand for the natural projection B — B/J. Then the following
assertions are equivalent:

(1) dimp A is finite.

(2) dimpg ¢(A) is finite.

(3) ¢(KA) and K @p ¢(A) are isomorphic K-algebras.

(4) dimp ¢(A) < dimg (B).

Proof: The implications (1)=(2), (3)=(4), and (4) = (2) are obvious. Since
J is a finite dimensional nilpotent K-algebra we have J4™x J = (0). This also
implies that ker¢j4 = AN .J is a nilpotent ideal of A. The implication (2)=(1)
follows from this observation and the lemma.

To see that (2) implies (3), assume that dimp ¢(A) is finite. Without loss of
generality we may assume that B = KA. By going over the factors A/(AN J)
and B/K(AN J), we may further assume that AN J = (0). Then, since the
K-linear span of every nilpotent ideal of A is a nilpotent ideal of B, A is either
semisimple or zero. If A is zero then (3) trivially holds. Otherwise let A,,..., A,
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be the minimal nonzero ideals of A. Then A = A4; + --- + A, and the sum is
direct. Also, K ®r A is the direct sum of the ideals K @ A;. We claim that for
every index i the K-algebra K @ A; is simple. Indeed, let C; be the center of
A;. Then Cj is a finite exteusion field of F. By the assumption on K, K ®f C;
is again a field. On the other hand, it is easy to see that the center of K @ A; is
K ®p C;. Thus K ®p A; is a simple K-algebra, as claimed. Next, observe that
the natural map K ® A — B induced by the multiplication of elements of A by
scalars from K is a K-algebra epimorphism. But this map is a monomorphism
as well because it is nonzero on any simple component K Qg A; of K ®x A. This
concludes the proof of the theorem. |

In [IRSz] a deterministic algorithm is presented, which computes the
radical of a matrix algebra A < M,(Fy(z1,...,2m)). The running time is
(n+s+d+log q)o(m), where s is the number of generators and 4 is the maximum
degree among all the numerators and denominators of the entries appearing in
the generators for A. (For a more general — and more transparent -— approach
to computing the radical of algebras of positive characteristic, the reader is re-
ferred to [CIW].) Using the algorithm of [IRSz], we can find generators for the
algebra ¢(A) defined in the theorem in time (n + s + d + logq)®‘™). Then we
proceed with collecting Fy-linearly independent clements of ¢(A) as products of
generators. We either find a basis of ¢(A) in O(n?) rounds, or stop with the
conclusion that our secmigroup is infinite. Note that the method can be consid-
ered as an improved and generalized version of the algorithm proposed in [RTB],
Subsection 3.4.1. We obtained the following:

COROLLARY: There is a deterministic algorithm which, in time
(n+s+d+1ogq)?™), decides whether a semigroup generated by a finite set of
matrices from the ring Myp[Fy(z1, ..., T,)] Is finite. Here, s is the number of gen-
erators and d stands for the maximum among the degrees of all the numerators
and denominators of the entries in the generators. In particular, the algorithm
runs in polynomial time for bounded m.
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